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Abstract
Eigenfunctions and eigenvalues of the operator of the square of the angular momentum are
studied. It is shown that neither from the requirement for the eigenfunctions be normalizable nor
from the commutation relations it is possible to prove that the eigenvalues spectrum is a set of
only integer numbers (in units ~ = 1). We present regular, normalizable eigenfunctions with the
non-integer eigenvalues thus demonstrating that a non-integer angular momentum is admissible
from the theoretical viewpoint.
1
I. INTRODUCTION
Quantization of the angular momentum is an important concept of the contemporary
physics. In the framework of quantum mechanics derivation of quantization of the angular
momentum is based on one of the following statements:
1. Quantization of the eigenvalues follows from the requirement that the eigenfunctions
of the operator of angular momentum must be regular, i.e. normalizable [1].
2. Quantization follows from the commutation relations of the operators of physical quan-
tities [2], [3].
3. Quantization follows from the requirement that the eigenfunction of the third com-
ponent of the operator of the angular momentum must be a single valued periodic
function with the period 2pi [4], [5].
All three derivations lead to the same result, namely that the spectrum of the angular
momentum consists of only integer numbers (in units of Planck constant ~; throughout
~ = 1).
In this article we revisit derivation based on the first two statements and show that these
derivations are based on mathematically not correct and not self consistent considerations.
As a result, solutions with a non-integer spectrum become admissible on an equal footing
as solutions with the integer spectrum. Consequently, the statement that in the framework
of quantum mechanics the eigenvalues of the square of the angular momentum and its third
component are comprised of only integer numbers cannot be considered as strictly proven
theoretical result.
Derivation based on the third statement will be analyzed in a subsequent publication
where we will obtain the same result as in the present article, namely that the spectrum of
the angular momentum may be comprised from both integers and non-integers.
For the clarity and comprehensibility of the arguments used in these two schemes of
derivation it is convenient to give explicit analytic expressions of the eigenfunctions of the
operators of angular momentum. For this reason we start with the discussion of details of
solving the eigenvalue/eigenfunction equations for the angular momentum.
The article is organized as follows: In section II we discuss properties of eigenfunctions
of the operator of the square of angular momentum. In section III we analyze mathematical
arguments based on which, when solving for the eigenfunctions of the square of the angular
momentum, it is argued that the spectrum consists only of integers. We point out inaccuracy
in using these arguments. In section IV we discuss the commutation relations of angular
momentum operators from which the spectrum of integer eigenvalues of the square of the
angular momentum is obtained. Using the results of section II we indicate the mathematical
fallacy which leads to only the integer spectrum.
Main result of this article is that the solution of the eigenvalue problem of the orbital
angular momentum contains physically admissible regular, i.e. normalizable eigenfunctions
with the eigenvalues of the operator of angular momentum integer as well as non-integer.
Our conclusions are summarised in section V.
2
II. REGULAR AND SINGULAR EIGENFUNCTIONS OF THE OPERATOR OF
THE SQUARE OF THE ANGULAR MOMENTUM
The eigenvalue equation for the square of the angular momentum takes its simplest form
in spherical coordinates and reads:
Mˆ2ψ(θ, φ) =
[
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂φ2
+ λ
]
ψ(θ, φ) = 0, (1)
where θ, φ are spherical coordinates, 0 ≤ θ ≤ pi, 0 ≤ φ < 2pi, Mˆ2 is the operator of the
square of the angular momentum, λ is its eigenvalue which we write as λ = L(L + 1), and
without loss of generality we assume that L ≥ 0. Due to the commutativity of the operators
of the square of the angular momentum and its third component Mz = −i∂/∂φ solutions
to Eq. (1) can be written as a product ψ(θ;φ) = ΨMm(θ;φ|L;m) = ΨM(ξ|L;m)Ψm(φ) the
factors of which satisfy following equations:
MˆzΨm(φ) = mΨm(φ), (2)
(1− ξ2)d
2ΨM
dξ2
− 2ξ dΨM
dξ
−
(
m2
1− ξ2 − λ
)
ΨM = 0, (3)
where ξ ≡ cos θ, −1 ≤ ξ ≤ 1 and m is the value of the third component of the angular
momentum.
The set of eigenfunctions ΨM = ΨM(ξ|L;m) consists of subsets of regular and singular
functions, regular being those that have no singularities within the domain of ξ. Our aim is
to identify these subsets.
It is convenient to present solution in the form ΨM(ξ) = (1 − ξ2)βF (ξ). Substituting in
Eq. (3), setting β2 = m2/4 and ξ2 ≡ z we bring Eq. (3) to the standard form of the Gauss
hypergeometric equation (see, e.g., Eq. 15.5.1 in Ref. [6])
z(1− z)d
2F
dz2
+ [c− z(a + b+ 1)]dF
dz
− abF
= z(1 − z)d
2F
dz2
+ [1/2− z(3/2 + 2β)]dF
dz
+ [λ/4− β/2− β2]F = 0, (4)
where
a = [1/2 + 2β + (1/4 + λ)1/2]/2, b = [1/2 + 2β − (1/4 + λ)1/2]/2; c = 1/2. (5)
This equation has two linearly independent solutions (see Eqs. 15.5.3-4 of Ref. [6]):
2F1(a, b; 1/2; z) = 2F1(1/2 + β + L/2, β − L/2; 1/2; ξ2), (6)
z1/2 2F1(a + 1/2, b+ 1/2; 3/2; z) = ξ 2F1(1 + β + L/2, 1/2 + β − L/2; 3/2; ξ2), (7)
where 2F1(a, b; c; ξ
2) is the Gaus’s hypergeometric function [6]. For the three possible values,
2β =
√
m2 = {|m|; +m,−m}, three different expressions are obtained for ΨM(ξ|L; β). On
the other hand, as the original equation (3) depends on m only quadratically, all three
parametrisation of β must lead to the same result. To demonstrate this invariance, let us
give explicit expressions for ΨM(ξ|L; β), the two linearly independent solutions of Eq. (3):
Ψ0M(L; β) = (1− ξ2)β2F1
(
1/2 + β + L/2, β − L/2; 1
2
; ξ2
)
, (8)
Ψ1M(L; β) = ξ(1− ξ2)β2F1
(
1 + β + L/2, 1/2 + β − L/2; 3
2
; ξ2
)
. (9)
3
Ψ0M(ξ) is an even function of ξ and Ψ
1
M(ξ) is an odd function of ξ. As mentioned above both
functions must be invariant under the change of the sign of m. For 2β = |m| the invariance
is explicit. For 2β = {m;−m} the invariance is not obvious but it can verified by using the
following relation (see Eq. 15.3.3 of Ref. [6]):
2F1(a, b; c; z) = (1− z)c−a−b2F1(c− a, c− b; c; z) (10)
Using this relation it is straightforward to show that both Ψ0M and Ψ
1
M are even functions
of β:
Ψ0M(L; β) = Ψ
0
M(L;−β), Ψ1M(L; β) = Ψ1M(L;−β). (11)
Thus if some result is obtained in any one parameterization, then the same result can be
obtained also in any other parameterisations. These parameterisations lead to different
degrees of complication in calculations, therefore we should use the most convenient form
for the representation of the corresponding functions.
To single out the subset of normalisable functions let us study the singularities of func-
tions ΨM(L; β). These functions can be singular only for ξ
2 = 1. For example, for β ≥ 0
the factor (1 − ξ2)β in ΨM(L; β) is regular and the hypegeometric functions may have sin-
gularities of the order (1 − ξ2)−β−ε, ε > 0, leading to the singular solution ∼ (1 − ξ2)−ε.
However, if the parameters of the hypergeometric function 2F1(a, b; c; z) satisfy conditions
a = −k or b = −k, where k is a non-negative integer, then this hypergeometric function
turns into the k-th order polynomial of z [6]. Correspondingly, in this case hypergeometric
functions will have no singularities. This conditions of truncating hypergeometric series, i.e.
reducing hypergeometric functions into polynomials can be used to single out the subset of
normalisable functions from the set of the solutions of Eq. (3).
As an example let us identify the regular functions for the solutions ΨM(L; β) =
Ψ0M(L;m/2), parameterization 2β = m. We have two independent conditions for termi-
nating infinite hypergeometric series (8), thus reducing it to polynomials:
a =
1
2
+
m
2
+
L
2
= −k → m = −L− 1− 2k,
Ψ0M(L;m)|m=−L−1−2k = (1− ξ2)−
(L+1)
2
−k
2F1
(
−1
2
− L− k,−k; 1
2
; ξ2
)
, (12)
and
b =
m
2
− L
2
= −k → m = L− 2k,
Ψ0M(L;m)|m=L−2k = (1− ξ2)
L
2
−k
2F1
(
−k, 1
2
+ L− k; 1
2
; ξ2
)
. (13)
Function obtained from the first condition (12) is singular for any non-negative integer k
because the exponent of (1− ξ2)−(L+1)/2−k is a negative number and the second factor, the
hypergeometric function is a polynomial and hence is a regular function of ξ. The second
condition (13) leads to singular as well as regular subsets of functions. In particular, for
L/2 − k ≥ 0, i.e. for k < [L/2], where [L/2] is an integer part of L/2 (remember that k is
integer), under condition that 0 ≤ L/2− [L/2] < 1, both factors in Eq. (13) are regular. For
L/2−k < 0 the factor (1− ξ2)L/2−k is singular and hence Ψ0M(L;m)|m=L−2k is also singular.
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We obtain that the eigenfunction, corresponding to the spectrum m = −L − 1 − 2k, is
singular:
Ψ0M(L;m)|m=−L−1−2k = Ψ0,SM (L;−L− 1− 2k), (14)
and the set of eigenvalues m = L− 2k factorizes in two subsets:
m = L− 2k = m|L(L−[L])Um|(L−[L]−2)−∞ ,
Ψ0M(L;m)|m=L−2k≥0 = Ψ0,RM
(
L;m|L(L−[L])
)
,
Ψ0M(L;m)|m=L−2k<0 = Ψ0,SM (L;m|(L−[L]−2)−∞ ). (15)
Here A|AmaxAmin UB|BmaxBmin stands for the union of sets A and B, and in notations of functions
the index S indicates singularity of the corresponding functions and index R - the regular
character of the corresponding functions.
For the parameterization 2β = −m conditions for Ψ0M being regular mirror those of
Eq. (15). Instead of (12) and (13) we now have:
a =
1
2
− m
2
+
L
2
= −k → m = L+ 1 + 2k,
Ψ0M(L;−m)|m=L+1+2k = (1− ξ2)−
(L+1)
2
−k
2F1
(
−1
2
− L− k,−k; 1
2
; ξ2
)
, (16)
and
b = −m
2
− L
2
= −k → m = −L+ 2k,
Ψ0M(L;−m)|m=−L+2k = (1− ξ2)
L
2
−k
2F1
(
−k, 1
2
+ L− k; 1
2
; ξ2
)
, (17)
That is, although the functions coincide with those of Eqs. (12), (13) respectively, the
spectrum of m, determined by the condition of getting polynomials, mirrors the spectrum
(15):
m = L+ 1 + 2k; Ψ0M(L;m)|m=L+1+2k = Ψ0,SM (L;L+ 1 + 2k),
m = −L+ 2k = m|(−L+[L])−L Um|∞(−L+[L]+2),
Ψ0M(L;−m)|m=−L+2k≤0 = Ψ0,RM
(
L;−m|(−L+[L])−L
)
,
Ψ0M(L;−m)|m=−L+2k>0 = Ψ0,SM
(
L;−m|∞(−L+[L]+2)
)
. (18)
We conclude that in the set of eigenfunctions Ψ0M(L;±m) the subset of regular functions is
given by the following spectrum of m:
m(R) = m|(−L+[L])−L Um|L(L−[L]),
m|(−L+[L])−L = {−L;−L+ 2; · · · ;−L+ [L]}; m|L(L−[L]) = {L;L− 2; · · · ;L− [L]},
m(R) = {−L;−L+ 2; · · · ;−L+ [L];L− [L]; · · · ;L− 2;L}. (19)
The rest of the spectrum of m which consists of values
m(S1) = {−∞; · · · ;−L− 3;−L− 1}; m(S2) = {−∞; · · · ;L− [L]− 4;L− 2[L/2]− 2},
m(S3) = {L+ 1;L+ 3; · · · ;∞}; m(S4) = {−L+ [L] + 2;−L+ [L] + 4; · · · ;∞}, (20)
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corresponds to the subset of singular eigenfunctions in the set of eigenfunctions Ψ0M(L;±m).
Same procedure is used for the second linearly independent function Ψ1M , for which we
just state the result. Regular functions and the corresponding spectrum have the form:
m(R) = m|(−L+1+[L−1])−L+1 Um|L−1(L−1−[L−1])
= {−L+ 1;−L+ 3; · · · ;−L+ 1 + [L− 1];L− 1− [L− 1]; · · · ;L− 3;L− 1},
Ψ1,RM
(
L;m(R)
)
= Ψ1,RM
(
L;−m(R)) = ξ(1− ξ2)L−12 −k2F1
(
−k, 1
2
+ L+ k;
3
2
; ξ2
)
. (21)
The subset of singular eigenfunctions and the corresponding spectrum are obtained in same
way as for Ψ0M .
Finally, the subset of regular eigenfunctions and the corresponding spectrum can be
described as follows:
1. In the set of the two linearly independent solutions to the eigenvalue problem of the
square of the angular momentum the subsets of regular eigenfunctions are generated
by the mutually independent conditions of reducing hypergeometric functions to poly-
nomials of cos θ.
2. The subset Ψ0,RM (L;m
(R)) of linearly independent regular eigenfunctions corresponds
to the spectrum of m which is symmetric under the reflection of the sign: m(R) =
m
(R)
0 = m
(−R)
0 Um
(+R)
0 ;
(a) The subsets are labeled by spectrum of m which is a numeric sequence with the
step size 2, |mj−mj−1| = 2, (in units of ~), satisfying condition m(−R)0 = −m(+R)0 .
(b) The minimal value in the set m
(R)
0 is m
(R)
0min = m
(−R)
0min = −L and the maximal
value is m
(R)
0max = m
(+R)
0max = L.
(c) If L is an integer, moving through spectra of m with the above mentioned step
size 2 we transit from subset labeled by m
(−R)
0 to subset labeled by m
(+R)
0 and
vice versa. In other words, these subsets are continuations of each other.
If L is not an integer, moving through spectra of m with the above mentioned
step size 2 does not lead to the transition from one subset to another, i.e. in this
case the subsets are not continuations of each other.
(d) Eigenfunctions corresponding to the subsets m
(+R)
0 and m
(−R)
0 are the same,
Ψ0,RM (L;m
(+R)
0 ) = Ψ
0,R
M (L;m
(−R)
0 ).
3. The subset Ψ1,RM (L;m
(R)) of linearly independent regular eigenfunctions corresponds
to the spectrum of m which is symmetric under the reflection of the sign: m(R) =
m
(R)
1 = m
(−R)
1 Um
(+R)
1 ;
(a) Same as 2(a) above.
(b) The minimal value in the set m
(R)
1 is m
(R)
1min = m
(−R)
1min = −L+ 1 and the maximal
value is m
(R)
1max = m
(+R)
1max = L− 1.
(c) Same as 2 (c) above.
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(d) Eigenfunctions corresponding to the subsets m
(+R)
1 and m
(−R)
1 are the same,
Ψ1,RM (L;m
(+R)
1 ) = Ψ
1,R
M (L;m
(−R)
1 ).
Condition of reducing hypergeometric functions to polynomials generates singular
functions as well. Since our goal is to identify and describe the subset of reg-
ular functions, we do not give explicit details of the subset of singular functions,
just remark that for the L integer singular functions are not generated in the se-
quence {Ψ(L,−L), Ψ(L,−L + 2), · · · ,Ψ(L, L − 2), Ψ(L, L)}, and appear in the sequence
{Ψ(L,−L), Ψ(L,−L+ 1), · · · ,Ψ(L, L− 1), Ψ(L, L)}.
Lastly we consider the case 2β = |m|. This paremeterisation leads to a different picture.
The linearly independent solutions are now expressed as
ΨM(L; 2β) = Ψ
0
M(L; |m|) = (1− ξ2)|m|/22F1
(
1
2
+
|m|
2
+
L
2
,
|m|
2
− L
2
;
1
2
; ξ2
)
,
ΨM(L; 2β) = Ψ
1
M(L; |m|) = ξ(1− ξ2)|m|/22F1
(
1 +
|m|
2
+
L
2
,
1
2
+
|m|
2
− L
2
;
3
2
; ξ2
)
;(22)
In distinct of parameterisation 2β = ±m, now only two conditions for getting polynomials
remain: |m|/2− L/2 = −k for Ψ0M(L; |m|) and |m| + 1/2 − L/2 = −k for Ψ1M(L; |m|). By
applying these conditions, |m| = L−2k ≥ 0 and |m| = L−1−2k ≥ 0, only regular functions
and the corresponding spectra are obtained. The singular functions and corresponding
spectra are not generated since |m| > 0. By enumerating integer values of k-parameter one
enumerates all positive as well as all negative values of the spectrum of m. That is, moving
with the steps size 2 one is not transferred from the negative values of the spectrum to the
positive ones and vice versa but rather both parts are united into one quantity |m|, and both
parts of the spectrum, with the opposite signs, are simultaneously enumerated. Therefore,
to find regular functions as solutions in the eigenvalue/eigenfunction problem of the square
of the angular momentum, the most convenient parameterisation is 2β = |m|.
The sets of eigenvaluesm
(R)
0 andm
(R)
1 and their corresponding eigenfunctions, correspond-
ing to the parameterisation 2β = ±m, can be formally united in one set. Using numerical
ordering from the smallest to the largest this united set is presented as a following sequence:
m(R) = {m(R)0 Um(R)1 } = {−L;−L + 1;−L+ 2; · · · ;m(−R)max ;m(+R)min ; · · · ;L− 2, L− 1;L}
m(−R)max = −m(+R)min , (23)
where, depending on a numeric value of L, m
(+R)
min is (L−2[L/2]) - the minimal positive value
corresponding to m
(+R)
0 , or (L−1−2[(L−1)/2]) - the minimal positive value corresponding
to m
(+R)
1 . The set of regular eigenfunctions corresponding to ordering (23) is:
ΨM(L;m) =
{
Ψ0,RM (L;−L); Ψ1,RM (L;−L+ 1);Ψ0,RM (L;−L+ 2); · · · ; ΨRM(L;m(−R)max );
ΨRM(L;m
(+R)
min ); · · · ; Ψ0,RM (L;L− 2); Ψ1,RM (L;L− 1); Ψ0,RM (L;L)
}
. (24)
Both sets (23) and (24) are obtained by merging two sequences with steps size 2 such that
each of them becomes a sequence with the step size 1. Conditions of getting polynomials that
lead tom
(R)
0 and Ψ
0
M(L;m
(R)
0 ), are not compatible with the conditions of getting polynomials
that lead to m
(R)
1 and Ψ
1
M(L;m
(R)
1 ). Therefore in the above introduced sets with steps size
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1 the functions Ψ0M(L;m
(R)
0 ) and Ψ
1
M(L;m
(R)
1 ) are not merged in one set by conditions of
getting polynomials or by some similar condition corresponding to any common feature, but
rather only by the formal requirement to present the merged set as one with the step size
1. That is the reason why above we used the term ”formal” for the sets (23) and (24).
Note that the maximum and minimum values of m, mmax,min = ±L, reside in the spec-
trum m
(R)
0 , correspondingly the eigenfunction ΨM(L,±L) is regular only when from the
two linearly independent functions Ψ0M and Ψ
1
M the Ψ
0,R
M (L,±L) is choosed as an eigen-
function. Second solution is singular, ΨM(L,±L) = Ψ1,SM (L,±L). Thus the sequence of
regular eigenfunctions (24) starts from Ψ0M(L,−L) and ends with Ψ0M(L, L). Moving with
the steps size 2 up from Ψ0M(L,−L) or down from Ψ0M(L, L) we obtain sequences of func-
tions Ψ0M(L,−L + 2k) and Ψ0M(L, L − 2k). The functions from these sequences satisfy
Ψ0M(L,−L+ 2k) = Ψ0M(L, L− 2k).
It is important to note that in establishing the subset of regular eigenfunctions of the
operator of the square of the orbital momentum no constraint arises on the angular mo-
mentum L. Indeed, reducing hypergeometric function to a polynomial is possible for any L,
integer as well as non integer. As an example, the subset of regular eigenfunctions (24) for
the case L = 2 is comprised from functions with m ∈ {−2,−1, 0, 1, 2} and for L = 2.2 from
functions with m ∈ {−2.2,−1.2,−0.2, 0.2, 1.2, 2.2}.
III. ANALYSIS OF THE SPECTRUM OF EIGENVALUES GENERATED BY
THE REQUIREMENT FOR THE EIGENFUNCTIONS TO BE REGULAR
As shown in section II, equation (3) has two linearly independent solutions Ψ0M(ξ|L;m) =
Ψ0M(−ξ|L;m) and Ψ1M(ξ|L;m) = −Ψ1M(−ξ|L,m). Clearly any linear combination of these
functions
ΨM(ξ|L;m) = C0Ψ0M(ξ|L;m) + C1Ψ1M(ξ|L,m), (25)
where C0 and C1 are arbitrary numerical coefficients, is also a solution to the same linear
differential equation (3).
In addition to the purely mathematical attribute of linear differential equation, stating
that solution can always be presented as a linear combination (25), in quantum mechanics
there exists an analogous physical condition, the principle of superposition. According to
this principle if physical system can be in states described by regular wave functions ΨR1 and
ΨR2 then it can be also be in a state described by the wave function
ΨR = CR1 Ψ
R
1 + C
R
2 Ψ
R
2 . (26)
Despite the similarity of Eqs. (25) and (26) there are substantial differences between these
two relations. Namely, Eq. (26) is a sum of a regular functions while there is no such a re-
quirement for terms in Eq. (25) and indeed, as we have seen in previous section, depending on
conditions on L, m, functions Ψ0M , Ψ
1
M may be regular as well as singular. Also, in the phys-
ical principle of superposition ΨR1 and Ψ
R
2 may correspond to the two different eigenvalues of
the same observable, e.g. ΨR1 = Ψm(φ|m1) = exp(im1φ) and ΨR2 = Ψm(φ|m2) = exp(im2φ),
while nothing similar is meant in Eq. (25). On the contrary, the necessary condition of mixing
in Eq. (25) is that eigenvalues of the given quantity corresponding to both terms must be the
same. Because of this restriction Eq. (25) is not a condition equivalent to Eq. (26) when the
8
terms in Eq. (25) may be singular. Such a case is realised by the eigenfunctions of the square
of the angular momentum Ψ0M(ξ|L;m) and Ψ1M(ξ|L;m). For the Eqs. (25) and (26) to be
equivalent in the sense that Eq. (26) could be obtained from Eq. (25), these functions must be
regular and from the analysis of the previous section we know that the functions Ψ0M(ξ|L;m)
and Ψ1M(ξ|L;m), |m| ∈ |mR0 | = L−2k and |m| ∈ |mR1 | = L−1−2k cannot be regular at the
same time. That is, Ψ0M(ξ|L;m) is regular for the numerical value of m ∈ mR0 (L; k) and for
the same value of m Ψ1M(ξ|L;m) is necessarily singular, i.e. un-normalisable, and vice versa,
Ψ1M(ξ|L;m) is regular for the numerical value of m ∈ mR1 (L; k) and for the same value of m
Ψ0M(ξ|L;m) is necessarily singular, i.e. un-normalisable. Therefore, in presenting solution
to the eigenvalue/eigenfunction problem for the angular momentum in the form (25) some
procedure must be employed in order to filter out the regular function from the combination
(25).
Let us recall that the solution to the quantum mechanical problem of the angular mo-
mentum historically was presented in terms of the well known associated Legendre functions
P µν , Q
µ
ν (see, e.g. [1], [2]). These functions, being linear combinations of fundamental solu-
tions Ψ0M and Ψ
1
M , are not necessarily regular and for reducing them to a regular solution a
procedure of filtering coefficients is used.
To clarify details of this filtering procedure let us consider expressions for the associated
Legendre functions P µν and Q
µ
ν in terms of Ψ
0
M and Ψ
1
M(see, e.g. Ref. [6]):[
P µν (ξ)/(−4)−|m|/2pi1/2
] |ν=L;µ=−|m| = [C0Ψ0M(ξ|L; |m|) + C1Ψ1M(ξ|L; |m|)] ,
C0 = [Γ(1/2− L/2 + |m|/2)Γ(1 + L/2 + |m|/2)]−1 ,
C1 = −2 [Γ(1/2 + L/2 + |m|/2)Γ(−L/2 + |m|/2)]−1 , (27)
and [
eiµpiQµν (ξ)/(−4)−|m|/2pi1/2
] |ν=L;µ=−|m| = [C3Ψ0M(ξ|L; |m|) + C4Ψ1M(ξ|L; |m|)] ,
2C3e
±i(|m|+L+1)pi/2 = Γ(1/2 + L/2− |m|/2)/2Γ(1 + L/2 + |m|/2),
C4e
±i(|m|+L)pi/2 = Γ(1 + L/2− |m|/2)/Γ(1/2 + L/2 + |m|/2), (28)
where Γ(z) is the Euler gamma function [6]. Since Ψ0M and Ψ
1
M are not simultaneously
regular for a fixed values of L and |m|, to obtain a regular solution we can use the following
strategy: for the regular Ψ0M coefficient in front of Ψ
1
M must vanish and vice versa. This is
the filtering procedure mentioned above.
As shown in the previous section, conditions for solutions to be regular result in the
following relations:
|m| = L− 2k, |m| = L− 1− 2k. (29)
Correspondingly, the mixing coefficients of Eqs. (27) and (28) take the form:
C0(L; |m|)||m|=L−2k = [Γ(1/2− L+ k)Γ(1 + k)]−1 ,
C1(L; |m|)||m|=L−2k = −2 [Γ(1/2 + k)Γ(−L+ k)]−1 ,
C3(L; |m|)||m|=L−2k ∼ Γ(1/2 + k)/Γ(1 + L− k),
C4(L; |m|)||m|=L−2k ∼ Γ(1 + k)/Γ(1/2 + L− k),
C0(L; |m|)||m|=L−1−2k = [Γ(1− L+ k)Γ(3/2 + k)]−1 ,
C1(L; |m|)||m|=L−1−2k = −2 [Γ(1 + k)Γ(1/2− L+ k)]−1 ,
C3(L; |m|)||m|=L−1−2k ∼ Γ(1 + k)/Γ(3/2 + L− k),
C4(L; |m|)||m|=L−1−2k ∼ Γ(3/2 + k)/Γ(1 + L− k). (30)
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Associated Legendre functions are regular when the following filtering requirements are
satisfied:
C1(L; |m|)||m|=L−2k = 0; (31)
C4(L; |m|)||m|=L−2k = 0; (32)
C0(L; |m|)||m|=L−1−2k = 0; (33)
C3(L; |m|)||m|=L−1−2k = 0; (34)
It is seen from the explicit form of the mixing coefficients that the condition of Eq. (32) can-
not be satisfied. Condition (31) is satisfied if L is a non-negative integer number. Similarly,
condition (34) cannot be satisfied, while the condition (33) is satisfied for a non-negative
integer L. Associated Legendre functions are regular, i.e. admissible only when L is a
non-negative integer; otherwise they are singular, i.e. non admissible.
Let us demonstrate this on a concrete numerical examples. We consider following values
of L, m: L = {2; 3/2; 1.2} and m = {±2;±3/2;±1.2}. For the functions and mixing
coefficients of Eq. (30) we obtain:
Ψ0M(L = 2; |m| = | ± 2|) = Ψ0M(2; 2)R, Ψ1M(L = 2; |m| = | ± 2|) = Ψ1M(2; 2)S;
C0(2; | ± 2) = [Γ (−3/2) Γ(1)]−1 6= 0;
C1(2; | ± 2) = −2 [Γ (1/2) Γ(−2)]−1 = 0; P 22 (ξ) = P 22 (ξ)R
C3(2; | ± 2) ∼ Γ (1/2) /Γ(3) 6= 0;
C4(2; | ± 2) ∼ Γ (3/2) /Γ(3) 6= 0; Q22(ξ) = Q22(ξ)S
Ψ0M(L = 3/2; |m| = | ± 3/2|) = Ψ0M(3/2; 3/2)R; Ψ1M(L = 3/2; |m| = | ± 3/2|) = Ψ1M(3/2; 3/2)S;
C0(3/2; | ± 3/2) = [Γ (−1) Γ(1)]−1 = 0;
C1(3/2; | ± 3/2) = −2 [Γ (1/2) Γ(−3/2)]−1 6= 0; P 3/23/2 (ξ) = P 3/23/2 (ξ)S
C3(3/2; | ± 3/2) ∼ Γ (1/2) /Γ(5/2) 6= 0;
C4(3/2; | ± 3/2) ∼ Γ (1) /Γ(2) 6= 0; Q3/23/2(ξ) = Q3/23/2(ξ)S
Ψ0M(L = 1.2; |m| = | ± 1.2|) = Ψ0M(1.2; 1.2)R; Ψ1M(L = 1.2; |m| = | ± 1.2|) = Ψ1M(1.2; 1.2)S;
C0(1.2; | ± 1.2) = [Γ (0.7) Γ(1)]−1 6= 0;
C1(1.2; | ± 1.2) = −2 [Γ (1/2) Γ(−1.2)]−1 6= 0; P 1.21.2 (ξ) = P 1.21.2 (ξ)S
C3(1.2; | ± 1.2) ∼ Γ (1/2) /Γ(2.2) 6= 0;
C4(1.2; | ± 1.2) ∼ Γ (1) /Γ(1.7) 6= 0; Q1.21.2(ξ) = Q1.21.2(ξ)S. (35)
Analogous results are obtained for the other values of m. For a non-negative integer L the
functions P
−|m|
L (ξ) are regular and functions Q
−|m|
L (ξ) remain singular. For an integer values
of L the set of Eq. (23) becomes a well known set (see, e.g. Ref. [1]):
m(−R)max = −m(+R)min = 0; m(R) = {−L;−L+ 1;−L+ 2; · · · ; 0; · · · ;L− 2;L− 1;L};
L = {0; 1; 2; · · · ;∞}; (36)
Thus, if one chooses to present solution of the eigenvalue problem of the angular momen-
tum in terms of associated Legendre functions then from the requirement that eigenfunction
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has to be regular it follows that L is necessarily integer and the spectrum of m is given by
Eq. (36). In doing so some set of the regular functions and corresponding non-integer values
of L disappear from the solution.
But there is no any mathematical or physical argument or requirement that would dictate
that the solution of the eigenvalue equation Eq. (1) should necessarily be presented in form
(25).
As it is shown in the previous section, Ψ0M , Ψ
1
M are the linearly independent solutions of
Eq. (1) and, depending on which regularity condition out of Eq. (29) is realized, one of these
two functions becomes a regular function and can be chosen as a solution to the eigenvalue
problem of the square of the orbital momentum. This choice, from the theoretical point of
view, is no worse and no better than choice in terms of P µν , Q
µ
ν . Solution presented by only
Ψ0M or by only Ψ
1
M is regular and in distinct of presenting solution in terms of P
µ
ν , Q
µ
ν , does
not generate any constraint on L; regular, i.e. physically admissible solutions exist for a
non-integer L as well.
Therefore, we conclude that the spectrum of Eq. (36) is just an artefact of presenting
eigenfunctions in the form of Eq. (25).
Different approach used to demonstrate that the spectrum is given by Eq. (36), i.e. that
L acquires only integer values, is based on the analysis of commutation relations of the
angular momentum operators. In the next section we address these arguments.
IV. ANALYSIS OF THE SPECTRUM OF EIGENVALUES GENERATED BY
THE COMMUTATION RELATIONS OF THE ANGULAR MOMENTUM OPER-
ATORS
Let as analyze the reasoning based on the commutation relations used to demonstrate
that the eigenvalues of the square of the angular momentum and its third component can
be only integer numbers (see, e.g. [1], [2]). It is formulated as follows: if |L,m > is a
normalisable state vector satisfying
Mˆ2|L;m >= L(L+ 1)|L;m >; Mˆz|L;m >= m|L;m >, (37)
then the following mathematical relations must hold (see e.g. Ref. [1], section XIII):
1. −L ≤ m ≤ L;
2. If m = L then Mˆ+|L;L >= 0, where Mˆ+ = Mˆx + iMˆy,
if m = −L then Mˆ−|L;L >= 0, where Mˆ− = Mˆx − iMˆy.
3. If m 6= L then Mˆ+|L;m > is an eigenvector with eigenvalues of the angular momen-
tum L(L+ 1) and (m+ 1),
if m 6= −L then Mˆ−|L;m > is an eigenvector with eigenvalues of the angular momen-
tum L(L+ 1) and (m− 1).
4. If (Mˆ±)p|L;m > 6= 0 then it is an eigenvector with eigenvalues of the square of angular
momentum and its third momentum correspondingly L(L+ 1) and (m± p).
5. In the sequences of eigenvectors Mˆ+|L;m >; (Mˆ+)2|L;m >; · · · ; (Mˆ+)p|L;m > and
Mˆ−|L;m >; (Mˆ−)2|L;m >; · · · ; (Mˆ−)q|L;m > there always can be found such values
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of p and q that the following two relations simultaneously hold:
m+ p = L, m− q = −L, (38)
i.e. acting repeatedly on any |L;m〉 with Mˆ+ and Mˆ− we obtain both |L;L〉 and
|L;−L〉. Consequently, as p and q are positive integer numbers, the difference (m +
p)− (m− q) = (p+ q) = 2L is also an integer number.
After that it is assumed that the quantization of the angular momentum is proven.
To analyze proof of quantization based on the statements 1-5, let us first note that
from the theoretical standpoint if any argument is not determined either by commutation
relations or by physical requirements then the condition stated in this argument is not
necessarily to hold. Such an argument, relevant for our discussion is the point 5 above.
We demonstrate that point 5 is not always valid on the example with the three numerical
values of L: L = 2 - corresponding to integer values, L = 3/2 - corresponding to half-integer
values, and L = 1.2 - non-integer value, which is also not a half-integer. Let us assume at
this stage that the conditions of items 1-5 are indeed satisfied and consider the following
eigenvalues of L: {2; 3/2; 1.2}. Since Eq. (3) contains m quadratically, both ΨMm(L;m) and
ΨMm(L;−m) are solutions to this equation. Eigenfunctions ΨMm(2;±2), ΨMm(3/2;±3/2)
and ΨMm(1.2;±1.2) are regular, i.e. normalizable solutions of Eq. (3). Then, according to
the points 1-5 above, the following sequences will also be eigenfunctions:
{Mˆ±ΨMm(2;∓2), (Mˆ±)2ΨMm(2;∓2), (Mˆ±)3ΨMm(2;∓2), (Mˆ±)4ΨMm(2;∓2)},
{Mˆ±ΨMm(3/2;∓3/2), (Mˆ±)2ΨMm(3/2;∓3/2), (Mˆ±)3ΨMm(3/2;∓3/2)},
{Mˆ±ΨMm(1.2;∓1.2), (Mˆ±)2ΨMm(1.2;∓1.2); · · ·}.
The (L;m) values corresponding to these sequences of functions are:
L = 2; m ↓= {2; 1; 0;−1;−2}; m ↑= {−2;−1; 0; 1; 2};
L = 3/2; m ↓= {3/2; 1/2;−1/2;−3/2}; m ↑= {−3/2;−1/2; 1/2; 3/2};
L = 1.2; m ↓= {1.2; 0.2;−0.8; · · ·}; m ↑= {−1.2;−0.2; 0.8; · · ·}.
(39)
As seen from these expressions, in case L = 2 by acting on functions ΨMm(L;±L) with
the operators Mˆ+ and Mˆ−, two identical sets are generated: m ↓, obtained by applying
Mˆ− to ΨMm(2; 2), and m ↑, obtained by applying Mˆ+ to ΨMm(2;−2). These sets have a
property that moving down with the unit step from the value mmax = 2 we arrive to the
minimal value mmin = −2 and vice versa, i.e. from the value mmin = −2 we move up to
the maximal value mmax = 2. For L = 3/2 we get the same result - sets m ↑ and m ↓ are
identical.
In the case of L = 1.2 the sets m ↓= {1.2; 0.2;−0.8; · · ·}, generated by Mˆ−, and m ↑=
{−1.2;−0.2; 0.8; · · ·}, generated by Mˆ+, differ and have no intersection. Starting with any
element ofm ↓ by repeatedly acting with Mˆ+ we arrive atmmax = 1.2, however by repeatedly
acting with Mˆ− we do not arrive at the minimal value inm ↑, tommin = −1.2. Hence, in case
of a non-integer L point 5, stating that for the sequences of functions generated by acting
with Mˆ− and Mˆ+ one necessarily finds such integers p and q that starting with some some
ΨMm(L;m) of this sequence, by acting with (Mˆ
+)p and (Mˆ−)q one simultaneously obtains
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ΨMm(L;L) as well as ΨMm(L;−L), is no longer valid. In case of the non-integer values of
L, if by acting with (Mˆ+)p on ΨMm(L;m) we obtain ΨMm(L;L), then this state necessarily
belongs to the spectrum of type m ↑ and by acting on it with (Mˆ−)q we cannot obtain
ΨMm(L;−L). Similarly, if by acting with (Mˆ−)q on ΨMm(L;m) we obtain ΨMm(L;−L) then
this state necessarily belongs to the spectrum of type m ↓ and by acting on it with (Mˆ+)p
we cannot obtain ΨMm(L;L). In other words Eq. (38) is no longer valid and consequently,
angular momentum quantization can not be proved.
Let us ask where the requirements formulated in point 5 above come from, what are
they based upon. These requirement, namely that by repeatedly applying operator Mˆ+ to
ΨMm(L;m) we arrive to ΨMm(L;L), and, repeatedly applying operator Mˆ
− to the same
ΨMm(L;m) we arrive to ΨMm(L;−L), do not follow neither from commutation relations nor
from any physical arguments.
Consequently we conclude that in the framework of the algebra of commutation relations
the conditions stated in points 5 above is not the one which must be necessarily satisfied
Violation of the requirement in point 5 does not contradict to any physical requirement or
commutation relations.
Therefore the integer, half-integer and also any other real values of L are compatible with
the algebra of commutation relations as well as with physical requirements.
We finish this section by listing how, by acting with operators Mˆ± upon Ψ0Mm, Ψ
1
Mm,
results move from the set of regular functions to set of singular functions, vice versa, or
remain in the original set. First let us recapitulate result from section II stating that if
Ψ0Mm(L;m) is a regular function for fixed L, then Ψ
1
Mm(L;m) is necessarily singular and
vice versa.
We omit lengthy straightforward calculations and just state the results:
1. For any L, if m and m± 1 belong to the spectrum with the same sign, that is if both
m and m± 1 are positive or both m and m± 1 are negative, then Mˆ±ΨMm(L;m)R ∼
ΨMm(L;m±1)R and Mˆ±ΨMm(L;m)S ∼ ΨMm(L;m±1)S . In other words, in this case
if Ψ is regular (singular), the Mˆ±Ψ is also regular (singular).
2. If L is non-integer, L 6= [L] and m and (m± 1) belong to spectra with different signs,
then Mˆ±ΨMm(L;m)
R ∼ ΨMm(L;m ± 1)S. In other words, operators Mˆ (±) bring the
regular functions ΨMm(L;m)
R to singular functions ΨMm(L;m± 1)S.
Along the statements above an important feature is that m|(L)(−∞) and m|(+∞)(−L) numerical
sequences have no intersection unless L is integer or half-integer. The case of integer L is
distinguished by the fact that instead of statement 2 we now have:
3. If L is integer, L = [L] and m and (m ± 1) belong to spectra with different signs,
then Mˆ±ΨMm(L;m)
R ∼ ΨMm(L;m ± 1)R. In other words, operators Mˆ (±) bring regular
functions ΨMm(L;m)
R to regular functions ΨMm(L;m± 1)R.
The case of half-integer L is described by statement 2, corresponding to non-integer
numbers:
Mˆ−Ψ0Mm(L; 1/2)
R|[L]=2k = (L+ 1/2)2Ψ1Mm(L;−1/2)S|[L]=2k;
Mˆ+Ψ1Mm(L;−1/2)S|[L]=2k = −Ψ0Mm(L; 1/2)R|[L]=2k;
Mˆ−Ψ1Mm(L; 1/2)
R|[L]=2k+1 = Ψ0Mm(L;−1/2)S|[L]=2k+1;
Mˆ+Ψ0Mm(L;−1/2)S|[L]=2k+1 = (L+ 1/2)2Ψ1Mm(L; 1/2)R|[L]=2k+1;
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Mˆ+Ψ0Mm(L;−1/2)R|[L]=2k = (L+ 1/2)2Ψ1Mm(L; 1/2)S|[L]=2k;
Mˆ−Ψ1Mm(L; 1/2)
S|[L]=2k = −Ψ0Mm(L;−1/2)R|[L]=2k;
Mˆ+Ψ1Mm(L;−1/2)R|[L]=2k+1 = Ψ0Mm(L; 1/2)S|[L]=2k+1;
Mˆ−Ψ0Mm(L; 1/2)
S|[L]=2k+1 = (L+ 1/2)2Ψ1Mm(L;−1/2)R|[L]=2k+1; (40)
Correspondingly, for the non-integer L by acting with the operators Mˆ (±) the set of singular
functions is attached to the set of regular functions (for the half-integer L this fact is also
mentioned in Refs. [7], [8]) and this attachment is transparent in both directions, that is, by
acting with operators Mˆ (±) we move from singular functions to regular ones and vice versa.
In connection with the above results following important comment is in order: as shown
in section II, obtaining regular eigenfunctions and the spectrum via condition of reducing
hypergeometric expressions for Ψ0,1Mm to polynomials, singular eigenfunctions do not appear
at all when the parameterization 2β ≡
√
m2 = |m| is used. However, when using operators
Mˆ (±) to establish the spectrum as it is done, e.g. in [3], singular functions are generated
even for the parameterization 2β = |m|, since the operators Mˆ±, containing d/dξ, lower the
exponent β in the expression Ψ = (1 − ξ2)β F and acting repeatedly with Mˆ± results in
a singular function of ξ. If for establishing the set of normalizable eigenfunctions one uses
procedure described in section II and not the method based on using operators Mˆ±, the
singular functions do not appear in the set of eigenfunctions.
In the quantum-mechanical problem of the angular momentum operators Mˆ± are often
treated on the same footing as operators corresponding to observable and the results of
mathematical operations connected with their actions are considered as the conditions which
have to be satisfied. For example, in Ref. [3] the set of normalizable eigenfunctions is defined
as the subset of functions obtained from ΨL(L;±L) by acting with Mˆ (±). The reason for
giving to these operators such a high status stems from the paper by Pauli [7] in which
the the issue of non-uniqueness of the eigenfunctions of the angular momentum operator is
addressed. There is however no reason for giving these operators such a special status as
they do not belong to a complete set of commuting operators.
The analysis of the quantization of eigenvalues is connected not only to the properties
of eigenfunctions of the square of the angular momentum but also to the non-uniqueness of
the eigenfunctions of the third component of the angular momentum. Therefore arguments
by Pauli will be addressed in our next publication where we will consider the issue wether
m is only integer by analyzing the properties of the eigenfunctions and eigenvalues of the
third component of the angular momentum.
V. CONCLUSIONS
From the above analysis we conclude:
• A set of eigenfunctions of the operator of the square of orbital momentum,
ΨMm(ξ, φ|L;m), consists of subsets of singular and non-singular functions.
• Eigenvalues of the square of the angular momentum corresponding to non-singular,
i.e. normalizable eigenfunctions can be integer as well as non-integer.
14
• The main statement of the analysis of the solutions to the eigenvalue/eigenstate equa-
tions, citied in textbooks of quantum mechanics, that the only integer eigenvalues are
admissible, is an artefact of considering a specific linear combination of linearly inde-
pendent solutions (realised as an associated Legendre functions, the so called Spherical
Harmonics). This requirement is neither a physical nor a mathematical necessary con-
dition.
• If the condition of normalisability of eigenfunctions is realised by imposing conditions
of getting polynomials then the subset of singular functions does not appear when
the parameterization (m2)1/2 = |m| is chosen. This parameterization preserves in the
expressions of eigenfunctions the symmetry present in the initial equation Mˆ2(m) =
Mˆ2(−m).
• In the operator formalism the set of physical states is completely factorised from the
set of singular functions only in the case when L is integer.
• In the operator formalism the statement that L can be only integer is a result of
assigning to the operators Mˆ (±) higher status than it follows from the principles of
quantum mechanics.
• To guarantee that L acquires only integer values one either needs to find additional
arguments on top to those which are usually stated when using the mechanism of
solving the eigenvalue problem of the angular momentum and/or applying the algebra
of commutation relations, or alternatively, one has to admit that in the framework of
quantum mechanics L may be integer as well as non-integer.
We are indebted with J. T. Gegelia for useful discussions and critically reading the
manuscript.
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